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Abstrat. In the ontext of ow in porous media, up-saling is the oarsen-
ing of a geologial model and it is at the ore of water resoures researh and
reservoir simulation. An ideal up-saling proedure preserves heterogeneities
at dierent length-sales but redues the omputational osts required by dy-
nami simulations. A number of up-saling proedures have been proposed.
We present a blok renormalization algorithm using Haar wavelets whih pro-
vide a representation of data based on averages and utuations.
In this work, absolute permeability will be disussed for single-phase in-
ompressible reeping ow in the Dary regime, leading to a nite dierene
diusion type equation for pressure. By transforming the terms in the ow
equation, given by Dary's law, and assuming that the hange in sale does not
imply a hange in governing physial priniples, a new equation is obtained,
idential in form to the original. Haar wavelets allow us to relate the pres-
sures to their averages and apply the transformation to the entire equation,
exploiting their orthonormal property, thus providing values for the oarse
permeabilities.
Fousing on the mean-eld approximation leads to an up-saling where the
solution to the oarse sale problem well approximates the averaged ne sale
pressure prole.
1. Introdution
The term up-saling is used in reservoir engineering to refer to the proedure by
whih a geologial model is oarse grained into a ow model. This is essential in
modelling mass transport orretly to gain an understanding of subsurfae systems
suh as oil elds, ground water ow and waste deposits. Corret estimation of the
transport properties of these reservoirs, inluding permeability, is vital for their
management. For example, in the ontexts mentioned above, good ontrol of the
uid dynamis is neessary to ensure optimization of reovery and the safety of the
environment [20℄. The proedure presented in this paper, based on renormaliza-
tion and wavelets, is a general oarse graining tehnique, inspired by the wavelet
treatment of the Ising model and in line with the new developments that have been
suggested in the eld of materials modelling [14; 13℄.
In Setion 1.1, the main up-saling methods and related issues will be briey
reviewed. In Setion 2 a short aount of real-spae renormalization and Haar
wavelets will be given leading to the desription of the proposed method in Setion
3. Numerial simulations and results will be presented in Setion 4.
The present paper is intended as a proof of onept of how wavelets an be used
in the eld of upsaling by establishing a spei formalism and applying it to the
1
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simplest ases. This allows us to explore the underlying workings of the method,
an essential step towards the treatment of less trivial problems.
1.1. Up-saling tehniques. Numerous methods have been suggested for the
oarsening of permeability in geologial systems, the simplest being averaging teh-
niques. As highlighted in a lassi review [8℄, we an subdivide up-saling methods
into three ategories: deterministi, stohasti and heuristi. Further distintions
an be made between analytial and numerial methods. The main issue with
up-saling is the heterogeneity whih haraterizes natural porous media on many
dierent length sales. Heterogeneities range from millimeters to kilometers, due
to the great variety of types of roks and depositional proesses that an be present
in the same system. Often, there is no lear division between the system size and
the length sales of the features or the size of the ells in the model.
An analogy an be made between ow in porous media and urrents through
resistors. This is possible beause of the nature of the equation for ow, Dary's
law, whih is an ellipti equation relating ow to the gradient of the pressure just
like Ohm's law relates urrent to voltage drop in ondutors.
The problem of up-saling is thus translated into solving the Laplae-like dier-
ential equation, enouraging the appliation of the wide range of methods whih
have been devised for this purpose in other elds, for example eld theoretial teh-
niques, perturbation expansions, eetive medium theory, perolation approahes
or more simply nite dierenes and nite elements methods, see Ref. [8℄ for a
reent review. A serious drawbak of these tehniques, espeially perturbation and
eetive medium theory, is the underlying assumption that utuations in perme-
ability are small.
Renormalization oers an alternative, allowing for large utuations in the sys-
tem to be taken into aount. Renormalization tehniques are a step-by-step ap-
proah where the system is oarsened progressively, integrating out features on
small length sales, leading to the large sale eetive permeability. Moreover,
renormalization an be applied to stohasti data sets by ating on the probability
distribution of the onsidered property rather than on the single data points [10℄.
With the exeption of geologial modelling tehniques involving objet based
methods and irregular grids, typially permeability data is interpolated stohasti-
ally from the information gained at preise loations in the reservoir. Hene, the
emphasis is on preserving the features of its statistial distribution rather than the
preise values. Furthermore, unertainty pervades all stages of reservoir modelling,
from the measurement of permeability to the estimation of the size of dierent rok
type elements, rendering statistial analysis the only viable tool to aount for a
range of equiprobable senarios whih ould represent the physial system [21℄.
Although there are various solutions to alulating eetive permeability for spe-
i onditions, most of them have not been implemented in the standard reservoir
engineering pakages for industry. In pratie, the methods of hoie are often sim-
ple averages, due to the ease and speed with whih they an be implemented and
to the fat that preision in the estimation of permeability in a spei loation
does not aet the unertainty impliit in the modelling proess.
2. Renormalization and Haar Wavelet Transforms
2.1. Renormalization in up-saling. The onept of real-spae renormalization
has proved to be extremely useful in estimating eetive permeability eiently
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[16℄. The basi idea behind this method is to start with a lattie on whih a
property, in this ase permeability, is dened at eah lattie ell. Suessively
the original ells are grouped in a number of bloks, assigning new values for the
oarsened property. To avoid onfusion, it is neessary to larify what is referred
to by the words blok and ell. A ell is the basi unit of the ne grid whih
typially haraterizes the geologial model. Cell permeability is therefore what
is ommonly referred to as ne permeability. A blok is the basi unit of the
oarse grid used in ow simulations. The term blok permeability refers to the
oarse equivalent permeability of the blok, alulated from the ell permeabilities
through up-saling [23℄. This is learly dependent on the boundary onditions and
is dierent from eetive permeability, dened as the permeability needed to relate
the mathematial expetations of the ow and of the pressure gradient. Due to the
nite size of the bloks it is only possible to onsider equivalent permeability, whih
ensures a math of ow patterns between the blok and the onstitutive ells. After
resaling all the length sales, bloks beome ells and the result is a oarse-grained
lattie with fewer ells, but whih still possesses the essential features of the original
system.
This proedure was rst suggested by [15℄ as an eient method to extrapolate
the large sale behaviour of an innite system one utuations on smaller sales
are averaged out. The main advantage is that the proedure an be repeated until
the lattie has ahieved the required oarseness with a low omputational ost, the
algorithm being linear in the system size.
The renormalization transformation is by no means unique and many dierent
renormalization shemes have been proposed, some inspired by an analogy between
ow in porous media, perolation proesses and the ow of urrents through resis-
tors [24℄.
Real-spae transformations are a partiular ase of the more general onept of
the renormalization group. While the real-spae version already provides a ver-
satile and fast tehnique for up-saling, a full real- and momentum-spae renor-
malization method for oarse-graining of subsurfae reservoirs was presented by
Hristopoulos et al. [11; 12℄. This general treatment has onrmed the appliability
of the renormalization onept to up-saling, providing a solution of the problem in
all orders of perturbation, even for heterogeneous systems where large utuations
render other methods unsound.
2.2. The Haar wavelet transform. The mathematial onept of wavelets was
rst suggested in 1909 by Haar [9℄. It found its rst appliation in the eld of seis-
mology in 1989 in the work of Morlet [19℄ and has sine then been at the origin of a
substantial number of new approahes to various subjets, for example, biology [1℄
and statistial mehanis [13℄. The basi idea underlying wavelets is to deompose a
funtion or a set of data, in the ontinuous and disrete ase respetively, into basi
omponents and their relative oeients [5℄. In this sense it is very similar to a
Fourier transform, where the basi omponents are sines and osines and the oe-
ients are given by their amplitude. Wavelet transforms, however, oer both spatial
and frequeny resolution. For this reason they have been partiularly suessfully
applied to the analysis of signals where it is neessary to apture both underlying
periodi funtions and spei loalized features, whih are almost impossible to
represent with periodi omponents.
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At this point, however, a distintion between two dierent uses of wavelets must
be made. On one side, wavelets an be used to ompress information in terms of
reduing the number of data points with a ltering proedure. This has been applied
extensively in the ontext of up-saling by Sahimi [7℄, where a ltering proess
redues the number of permeability values in the system without ompromising its
general statistis. On the other side, a more pervasive appliation of wavelets an
lead to the oarsening of permeability by ating on the ow equations themselves.
This approah has been suggested in statistial physis to ompress the information
relative to spins and oupling onstants in the Ising model [13℄ and then extended
to inlude various aspets of materials modelling [14℄.
The main point, already noted by Best [4℄, is that there is a striking similarity
between the perspetive of renormalization and of wavelet transforms: both high-
light the features of a system in terms of large sale behaviour and utuations
away from it and both provide a onnetion between the dierent relevant sales.
In this paper, the simplest type of disrete wavelet transform, the Haar trans-
form, is implemented in a renormalization method. Its eet is to separate the
average of the original data from the utuations, expressed in terms of dierenes.
Wavelets are onstruted through the saling and shifting of the so alled mother
wavelet.The Haar wavelet is dened as follows, [5℄: ψjk (x) ≡ ψ
(
2j/2x− k
)
, where
ψ (x) is the mother wavelet, j ∈ z is the sale parameter and k is the shift. This
leads to a Haar wavelet matrix of the form:
H =
[
1 1
1 −1
]
.
For example, if we apply this transform to a 2 × 1 vetor we an obtain a new
vetor in terms of sums and dierenes of the original values. As will be seen in
Setion 3 this is a useful up-saling sheme valid in any dimension. This is a very
simple transform, however, the formalism desribed an be easily applied with any
matrix transform.
2.3. The system: single-phase laminar ow. The simple problem analysed
in this paper is single-phase reeping ow of a visosity dominated inompressible
uid through a porous medium. We will assume unit visosity and ignore the
eet of gravity. The basi equation is Dary's equation for ow, q = −K∇P,
where K is permeability and ∇P is the gradient of pressure, ombined with the
ontinuity equation,∇ · q = 0, whih give rise to a Laplae-like dierential equation:
∇ · (K∇P) = 0.
The disretization was performed by speifying the permeability values at the
ell entres and assuming pressure to be piee-wise linear aross the ell. Trans-
missibility is equal to permeability in the ase of unit volume of the disretization
grid ell: ti = ki/∆x, where ∆x = 1 is the size of the grid ell. Assuming trans-
missibility ti to be pieewise onstant with an interfae between ti and ti+1 at the
ell boundary and imposing ow onservation, the inter ell transmissibility, tij is
found to be the harmoni mean of ti and tj [2℄.
(2.1) tij =
titj
ti + tj
=
1
1/ti + 1/tj
; tij (tj = 0) = 0; tij (tj =∞) = ti = ki
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(a) (b) ()
Figure 2.1. Struture of the transmissibility matrix T for N = 4
in (a) d = 1, (b) d = 2, and () d = 3.
As desribed in [2℄, this onstitutes a satisfatory approximation if the properties
do not hange exessively between adjaent ells.
1
Assuming permeability to be a diagonal tensor, as in an isotropi medium, mass
balane equations for the system give rise to a ve-point sheme nite-dierene
equation expressed in matrix form:
(2.2) TP = R.
Here, for a one-dimensional system of linear size N , T is an N × N matrix of
transmissibilities, P is an N × 1 pressure vetor and R is an N × 1 boundary
ondition vetor [17; 2℄.
No-ow boundary onditions were imposed at the top and bottom of the entire
system by setting the ell permeabilities to zero, suh that also the transmissibilities
in this region would be zero. A pressure gradient in the horizontal diretion was
established by setting permeability at the left and right boundaries equal to innity
so as to generate transmissibilities at these interfaes whih are idential to the loal
permeabilities, see Equation (2.1). These global boundary onditions orrespond
to imposing no ow at the top and bottom of the blok and to a onstant pressure
prole along the left and right boundaries. Clearly, these boundaries an be rotated
to alulate vertial permeability. As outlined in [6℄, a dierent hoie of boundary
onditions, for instane periodi, would not alter the result signiantly, given the
loal nature of the up-saling proess.
In a system of dimension d = 1, the matrix T has a tridiagonal shape, arising
from the oupling of eah ell with its two nearest neighbours and with itself,
while in d > 1 dimensions further ouplings are introdued leading to a diagonally
dominant sparse matrix with 2d non-zero o-diagonals, see Figure 2.1.
3. Renormalization based on Haar Wavelet Transforms
3.1. One-dimensional system. As mentioned in Setion 2, wavelets an be used
to deompose the behaviour of a system into averages and utuations. For ex-
ample, if we onsider a one-dimensional system onsisting of two grid ells where
1
In the literature, the term blok is used to refer to what we all ells. Our hoie is motivated
to avoid onfusion given our preise denition of a blok.
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pressure is dened, the pressure an be expressed with the two ell values or in
terms of the average and semi-dierene:
(3.1) P′ =WP =
[
Σ
∆
]
,
where the matrixW, the pressure vetor P, the average Σ, and the semi-dierene
∆ are given by:
(3.2) W =
1
2
[
1 1
1 −1
]
; P =
[
p1
p2
]
; Σ =
p1 + p2
2
; ∆ =
p1 − p2
2
.
The matrixW relates the original pressure variable P to the new pressure vari-
able P′. Thus if we operate on the pressure vetor of Equation (2.2) with W, a
new pressure vetor P′ an be obtained, where the rst element is the average of
the original pressures, see Equation (3.2). This matrix is simply 1/2H, where H is
the Haar transform matrix for a 1× 2 system.
Let us onsider a 1×N system, with N = 4, that we want to oarsen by a fator
n = 2 by transforming a 1× 4 group of ells into a 1 × 2 group of bloks. We will
have:
(3.3) W =
1
2


1 1 0 0
0 0 1 1
1 −1 0 0
0 0 1 −1

 ; P =


p1
p2
p3
p4

 ;
(3.4) P′ =
[
Σ
∆
]
; Σ =

 p1 + p22
p3 + p4
2

 ; ∆ =

 p1 − p22
p3 − p4
2

 .
An important property of W is that the produtWWT is the identity matrix
multiplied by a fator of 1/n. WWTan be therefore inserted altering Equation
2.2 only by a fator of n:
(3.5) TWTWP =
1
n
R.
To omplete the equation transformation we multiply byW on both sides to obtain
a new transmissibility matrix and a new boundary ondition vetor applied to the
transformed pressure:
(3.6)
(
WTWT
)
WP =
1
n
WR.
Dening the transformed variables,
(3.7) T′ =WTWT; P′ =WP; R′ =WR;
we have
(3.8) T′P′ =
1
n
R′.
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Up to this point, the transformation has been ompletely reversible; in fat, we
have simply hanged the variables with whih we represent the system. Now we
approximate Equation (3.8) by ignoring the utuations of the systems to preserve
the large sale behaviour. To do this, we dene new variables P and R omposed
of the rst (N/2) elements of P′ and R′ respetively, and T as the (N/2)× (N/2)
upper left orner of T′.
T =


2k1 + t12 −t12 0 0
−t12 t12 + t23 −t23 0
0 −t23 t23 + t34 −t34
0 0 −t34 t34 + 2k4

 ;
T′ =


2k1 + t23 −t23 2k1 − t23 −t23
−t23 t23 + 2k4 t23 t23 − 2k4
2k1 − t23 t23 t23 + t34 t23
−t34 t23 − 2k4 t23 4t34 + 2k4 + t23

 ;
(3.9) T′ =
[
A B
BT C
]
; T = A =
[
2k1 + t23 −t23
−t23 t23 + 2k4
]
.
To determine the oarse pressure, we invert the renormalised transmissibility
matrix T and multiply the resulting pressure by 2. This resale is neessary to
ompensate for the hange from ell values to blok values, whih has doubled the
size of ∆x.
(3.10) T P =
1
2
R; P =
1
2
T −1R; Pcoarse = 2P .
Using T , P , and R orresponds to assuming that utuations of pressures ∆, are
negligible. In other words, we represent the system in what is ommonly alled a
mean-eld approximation where only the average behaviour of the pressure eld is
onsidered. Hene, exploiting the orthonormal property ofW, an expression for the
oarse transmissibility an be derived, by operating on Dary's equation on the ne
sale, leading to a mean-eld pressure solution. The general priniple underlying
this method, an be applied in any dimension and to all problems whih require
oarsening.
3.2. Two- and three-dimensional systems. In d-dimensions a similar treatment
an be performed, where the equivalent of a linear arrangement of N ells is a d-
hyperube of linear size N whih we want to oarsen by a fator of 2 in eah
diretion. In this ase a onvention for the ordering of the pressures in the vetor
is needed. The oeient in the W matrix and the pressure resale fator is now
1/2d. Moreover, while it is easy to write down expressions for the average and
dierene for two ell values, a ompliation arises when ells are averaged in a
dimension equal or higher than two. In this ase, the pressures are averaged 4 at
a time and there is no unique way to dene their dierene. For example, the W
matrix and P′ for a 2× 2 system an be given by:
(3.11) W =
1
4


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 ; P′ = 14


p1 + p2 + p3 + p4
p1 − p2 + p3 − p4
p1 + p2 − p3 − p4
p1 − p2 − p3 + p4

 ,
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but this is by no means the only valid hoie. The onstraints onW are that the
top row should produe the pressures average, that WWT is proportional to the
identity and that all rows are orthonormal to the top one.
While in one dimension the ow follows a fored path, already in two dimensions
we an reover many of the harateristis of transport phenomena. Moreover, when
looking at the elements of the matrix T for the two-dimensional system, it was noted
that the blok permeability an be obtained by performing a spei average of the
ell permeabilities, see Figure 3.1 and Appendix.
For a 4×4 system, the transmissibility matrix is 16×16. When transformed with
W andWT the matrix obtained is still 16× 16, but taking the rst four rows and
olumns only, we get a 4× 4 matrix. This an be ompared to the transmissibility
matrix of a 2 × 2 system to dedue the relation between the permeabilities at ell
and blok level, see Appendix.
(a) (b)
Figure 3.1. A shemati representation of the relation between
ell and blok permeabilities and transmissibilities. One step in
the renormalization algorithm. (a) 8 × 8 permeability map. (b)
The 4×4 oarsened permeability map. Notie how a 4×4 group of
ells is substituted by a 2×2 group of bloks. () Blow-up of a 2×2
group of ells. (d) Blow-up of a 2× 2 group of bloks. Properties
of ells are subsripted with numbers, properties of bloks with
letters. Permeabilities are indiated by k and transmissibilities
with t, kA = (k1 + k2) /2, tAB = (t23 + t67) /2, tAC =
(t59 + t610) /2.
Aordingly, a renormalization algorithm was implemented whereby groups of
4×4 ells are progressively substituted by groups of 2×2 bloks, until the required
degree of oarsening in permeability is ahieved. This proedure is fast and an
be further improved with the use of parallel omputing. Finally, T is inverted to
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obtain the oarse pressure, see Equation (3.10). The proedure in d-dimensions is
as follows:
(1) Start with a permeability map, linear size N multiple of 4. Calulate the
pressure by inverting the transmissibility matrix, see Equation (2.2).
(2) Subdivide the system into groups of 4d ells. Substitute eah group with a
new group of 2d bloks, alulating the new permeability aording to the
averaging rule, see Appendix and Figure 3.1.
(3) The new system has a fator of 2d less ells. Calulate the upsaled pressure
by inverting the new transmissibility matrix and resaling, Equation (3.10).
Clearly the higher the dimension, the bigger the advantage in avoiding a double
matrix multipliation.
It should be stressed that this renormalization sheme derives diretly from the
representation of the problem in the mean-eld approximation and from the hoie
ofW matrix. This result relates the elimination of permeability utuations to the
smoothening of utuations in pressure, revealing the basi priniple underlying
renormalization methods for up-saling. Importantly, it also represents the starting
point for devising a ontrolled method to inlude the eets of utuations in the
oarsening proess.
4. Numerial Simulations and Heterogeneities
4.1. Stohastially generated orrelated permeability. To emphasize the im-
portane of maintaining the statistial properties of the permeability distribution,
various realizations were generated with the same moments. Permeability was
simulated as a random, log-normally distributed orrelated variable on two- and
three-dimensional Cartesian regular grids with a moving average tehnique [22℄.
The starting point is an unorrelated eld, that is normally or uniformly dis-
tributed random numbers are assigned to eah ell. Then the orrelation is in-
trodued by averaging these values with a moving irle tehnique [22℄. By the
entral limit theorem, the new distribution remains normal, at least for suiently
big irles, independent of the statistis of the initial data. Moreover, the orre-
lation length is related to the radius of the irle used in the averaging proess.
Permeability is then taken to be the exponential of this distribution. Anisotropi
systems an be generated by using ellipses to aount for dierent rok types in the
simulated reservoir.
The upsaled pressure was ompared with the simple averaging of the ne pres-
sure. Errors were alulated as dierenes between the two pressure solutions at
the same oarsening level and then averaged over the entire system. While the
average error is a useful measure of auray, loalizing the disrepanies allows us
to look for their justiation in view of heterogeneities.
4.2. Analysis of heterogeneity in permeability distribution. The simplest
test ases to be analysed are two layered systems where exat analytial solutions
are known. More preisely, the equivalent permeability for ow parallel to the strata
is the arithmeti average of the dierent permeabilities, and for perpendiular ow
it is the harmoni average. In general, these two averages an be shown to be
respetively the lower and upper limit on the eetive permeability of any system
[8℄. As an be expeted the new renormalization tehnique is just as good in these
ases as others of its kind. It must be noted that while renormalization aording
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to the resistor analogy produes a nal number orresponding to the equivalent
permeability, the last step of the wavelet method an only lead to a 2 × 2 ell.
A number an be obtained afterwards, but this is neessarily going to be some
kind of average. For example, in the ase of vertial layering, while at the third
oarsening step the renormalization method already has a homogeneous harater,
the wavelet method still has a layered struture. The orret result, that is, the
harmoni mean, an be reovered by taking the harmoni mean of the two layers.
In the ase of a hess-board onguration, where resistor analogy renormalization
underestimates permeability with an error inreasing with the dierene between
the two layer permeabilities [25℄, the wavelet method overestimates it by an even
larger amount. In this ase it is possible to show analytially that the exat result
should be the geometri mean [8℄ while the wavelet method result is the arithmeti
mean, as is expeted given the averaging whih takes plae in the algorithm. This
is not ideal but at least the error an be predited and its soure learly identied,
see Table 1.
k1= 2500, k2= 5000 kresistor kwavelet kexat
Perpendiular layering 3333 3333 3333
Parallel layering 3750 3750 3750
Chess-board 3429 3750 3535.5
Table 1. Comparison of eetive permeability obtained by resis-
tor and wavelet based renormalization for layered and hess-board
systems with ells of low (k1) and high (k2) homogeneous perme-
ability redued to a single ell. Both methods predit the exat
results orretly for the layered ases while both fail in the hess-
board ase.
Initially two-dimensional systems were analysed so the method desribed will re-
fer to this ase. Results are also presented in three dimensions, where the proedure
is idential in onept.
First, an analysis was made on the permeability distribution at eah up-saling
step, see Table 2.
Cell size Mean Std
1 4902.9 11.8597
2 4902.8 11.54
4 4902.9 11.05
8 4903.1 10.24
16 4903.9 8.36
Table 2. Statistis of permeability distribution at eah oarsening
step, for a 64× 64 system, with orrelation length r = 10 averaged
over 10 realizations. At eah up-saling step the ell size doubles.
Notie how the renormalization preserves the mean and how the
standard deviation starts to derease onsiderably only when the
ell size is omparable to the orrelation length.
PERMEABILITY UP-SCALING USING HAAR WAVELETS 11
One the permeability maps had been generated, pressure boundary onditions
were set on the left and right boundaries of the system. These were taken to be
xed at 100 on the left and 50 on the right. The drop in pressure aross the system
is a fundamental fator in determining the errors in the estimates. However, the use
of relative errors mitigates this eet and the same boundary onditions were used
in all the simulations. A pressure prole was obtained at eah renormalization step
inverting the orresponding transmissibility matrix with the orret renormalized
boundary onditions and ompared to an equally oarsened pressure obtained by
suessively averaging ne pressure on 2× 2 ells, see Figure 4.1. The proess was
repeated 10 times to generate a distribution of results.
(a1)
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12000
14000
16000
(a2)
55
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65
70
75
80
85
90
95
(a3)
55
60
65
70
75
80
85
90
95
Averaging
(b1)
2000
4000
6000
8000
10000
12000
(b2)
55
60
65
70
75
80
85
90
95
(b3)
0.002
0.004
0.006
0.008
0.01
0.012
0.014
0.016
0.018
0.02
Figure 4.1. Wavelet renormalization of a permeability map from
32 × 32 to 16 × 16. (a1) Fine sale permeability. (a2) Fine sale
pressure solution obtained from ne sale permeability. (a3) Aver-
age of the ne sale pressure solution (2× 2 ells averaged). (b1)
Wavelet renormalized oarse permeability. (b2) Coarse pressure
solution obtained from oarse permeability. (b3) Modulus of rela-
tive error, |a3-b2|/a3. In this ase the relative dierene between
the averaged ne sale pressure (a3) and the oarse pressure (b2) is
within 2%. This proedure was repeated for systems with varying
permeability ranges and with dierent heterogeneities, simulating
dierent rok types.
When averaged over many realizations, the absolute error between the averaged
ne sale pressure and the oarse pressure obtained from the wavelet upsale was
onsistently found to be of order 10−3. For this kind of systems, errors in a single
realizations did not exeed 5%.
As expeted, the error was found to be higher with higher standard deviation of
the permeability, see Table 3, but only for very heterogeneous systems, where the
standard deviation is an order of magnitude larger than the mean.
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σ/µ Mean relative error (10−3) Std of error (10−3)
0.1 −5.23 3.41
0.2 −0.74 3.47
0.4 −0.84 3.34
0.8 −1.46 3.15
1 0.58 3.64
2 1.82 3.52
10 0.79 4.71
Table 3. Comparison of mean and standard deviation of the rela-
tive error at dierent standard deviation of permeability and same
orrelation length r=3, µ=10000, averaged over entire system. All
data averaged over 27 realizations of 32×32 systems being upsaled
to 16× 16.
Correlation length Mean relative error (10
−3
) Std of error (10
−3
)
1 −0.52 3.85
2 −0.49 3.51
3 0.67 3.46
4 0.64 3.45
5 0.66 3.43
Table 4. Comparison of error for dierent orrelation lengths but
same standard deviation, σ=1000, µ = 1000 (average of multiple
realizations of 32× 32 systems being upsaled to 16× 16, see text
for details about the number of realizations). Notie a very weak
dependene of the standard deviation of the error on the orrelation
length that seems to suggest that a more orrelated system an be
upsaled more aurately.
Next, a omparison between realizations with varying orrelation length r, ex-
pressed in terms of grid ells, and equal standard deviation in permeability was
made. A dierent number of realizations were averaged depending on the orrela-
tion length of the system, onsidering that eah subsystem of linear size equal to the
orrelation length onstitutes a sample in statistial terms (number of realizations
= 3r2). As an be seen in Table 4, the more the eld is orrelated, that is, the
larger the value of r, the better the wavelet renormalization method approximates
the ne sale pressure average. However, even at a radius of orrelation equal to
one grid ell, the average standard deviation of the error is within 0.4%.
While the error averaged over the entire system an be misleadingly small, due
to anellations whih our between positively and negatively biased results at
spei loations, the standard deviation of the error over the system an be taken
as a faithful indiator of the performane of the method.
A omparison with the resistor renormalization performed aording to [18℄
(equation 2.1), an be seen in Figure (4.2). It is possible to develop a more a-
urate resistor renormalization algorithm by onsidering the anisotropy generated
by the upsaling proess. However, this algorithm is not as immediate as the wavelet
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Figure 4.2. Comparison of resistor and wavelet renormalization.
(a1) Fine sale permeability. (a2) Fine sale pressure solution ob-
tained from ne sale permeability. (b) Coarse pressure solution
obtained with wavelet method. () Coarse pressure solution ob-
tained with resistor method. (d) Modulus of relative error of pres-
sure obtained with the wavelet method with respet to the pressure
average. (e) Modulus of relative error of pressure obtained with
the resistor method with respet to the pressure average. The er-
ror in the wavelet renormalization is of order 10−3 beause the
permeability eld is fairly homogeneous. However, the resistor
renormalization is less eetive even in this ideal ase.
renormalization algorithm to implement, requiring the denition of two transmissi-
bilities per ell. It must be noted that, while the wavelet method is geared towards
reproduing the average pressure, the resistor method is based on ux onservation,
thus it is not surprising that the results of the two methods dier.
4.3. Shales. One of the major drawbaks of the renormalization proposed by [16℄
is its impreise treatment of shales. When the permeability ontrast between ad-
jaent ells is high, for example at the interfae between permeable rok suh as
sandstone, and impermeable elements suh as shales, the analogy with resistors
gives inaurate preditions. This results in a deformation of shales whih an lead
to misjudgment of the reservoir onnetivity. Typially, shales have a large aspet
ratio and they are distributed horizontally often onstituting a barrier to ow in
the vertial diretion. A suessful alternative approah to shales is given in Ref.
[3℄, where the permeability is related to the length of the path going around the
shale bodies.
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Shales were implemented in the following way: some of the sites of the system
were hosen at random and shales of random size and aspet ratio were reated
by setting the permeabilities in the area to a very small value (10−13). Another
onventional way of implementing shales into a model is to make orrelation very
anisotropi. This auses areas of low permeability to naturally emerge with the
orret aspet ratio and orientation. However, the hosen method provides a muh
greater dierene between the low permeability of the shales and the distribution
of the permeability in the sand, whih is often harateristi of physial systems.
As an be seen in Figure 4.3 and Table 5, shales are orretly upsaled unless
their size beomes omparable to the size of the ells.
Max width Max height Shale fration (%) Mean error(10
−3
) Std of error(10
−3
)
2 2 3.2 18.29 16.2
2 2 33.4 113.85 100.8
16 5 16.4 9.1 25.3
16 5 33.4 6.73 27.1
16 5 57.6 3.1 24.9
5 16 18.8 48.7 46
5 16 36 26.8 47.9
5 16 52.2 20.3 60
Table 5. Error in up-saling a system with shales with dierent
aspet ratio. Shale permeability set to 10−13 . All values were
averaged over 3 runs. Notie that vertial and small shales are
assoiated with a bigger error.
When either the shale fration or the sand fration approahes the perolation
threshold, the error of the wavelet method alulated with respet to the average of
the ne pressure solution an be of order 10−1. In this ase shales will either over
the entire system or tend to disappear. Anisotropy also plays an important role.
Shales perpendiular to the ow seem to represent more of a problem, sine they
oppose the pressure gradient, see Table 5, bottom three entries. For example, in
Figure 4.3, the largest error ours in the lower entral region where a vertial bar-
rier disappears in the oarsening proess. However, in this situation, it is debatable
that averaging the pressure prole an be of any use. Visually, it is lear that the
upsaled pressure prole reprodues the ne sale pressure prole with reasonable
auray. The resistor renormalization, as dened in Setion 4.2, produes very
unsatisfatory results. It must be noted that, even at the ne sale, pressure in
very nearly zero permeability areas is poorly dened.
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Figure 4.3. Wavelet transform based real-spae renormalization
of a permeability map with vertial shales from 32× 32 to 16× 16.
(a1) Fine sale permeability. (a2) Fine sale pressure solution
obtained from ne sale permeability. (a3) Average of the ne sale
pressure solution (2×2 ells averaged). (b1) Wavelet-renormalized
oarse permeability. (b2) Coarse pressure solution obtained from
b1. (b3) Modulus of relative error, |a3-b2|/a3. (1) Resistor-
renormalized oarse permeability. (2) Coarse pressure solution
obtained from 1. (3) Modulus of relative error, |3-2|/3. The
relative dierene between the averaged ne sale pressure and the
oarse pressure from wavelet renormalization reahes 16% with an
average of 6%. Resistor renormalization learly doesn't produe
the required result. The shale permeability is set to 10−13and also
the shales are distributed aross the diretion of ow, generating a
worst ase senario.
4.4. Three-dimensional systems. As already mentioned, the wavelet renormal-
ization method for up-saling is easily extended to three-dimensional systems. In
this ase, no ow was assumed in two diretions and pressures were speied on
the boundaries of the third diretion. The only dierene in the proedure between
two- and three-dimensional systems is the struture and size of the matrixW. As
for the two-dimensional ase, by observing the struture of the transformed trans-
missibility matrix T , a renormalization sheme an be devised to produe the oarse
permeability avoiding the matrix multipliations. The algorithm substitutes ubes
of linear size 4 ells by ubes of half the linear size. Preliminary runs onrm that
the upsale proedure is approximately as aurate as it is in the two-dimensional
ase.
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5. Conlusion
An up-saling method, based on the Haar wavelet transform and real-spae renor-
malization was presented. Its advantages are speed, due to the underlying renor-
malization algorithm, and a rigorous mathematial derivation of the up-saling
rule.
This algorithm emerges from a mean-eld piture of the solution to Dary's
equation, whih is at the heart of the suess of renormalization methods. The
renormalization sheme is a onsequene of the hoie of W matrix, in this ase
the aim is to obtain the oarse permeability map that would generate the average
pressure prole. A dierent matrix would lead to mathematially valid results,
for example one where the blok permeability is taken to be equal to the value at
the top left ell in the group onstituting the blok. However, the present hoie
attempts to minimize the information loss inherent in the oarsening proess while
preserving the algorithm simpliity to ensure its eieny.
Within this ontext, the lowest degree, mean-eld approximation, in whih all
utuations are negleted, performs well in two and three dimensions. The main
problems with this method are enountered when there is a high ontrast in per-
meability, suh as in the ase of shales, whih leads to sharp pressure hanges that
inevitably get smoothened out. The resistor renormalization fails even more drasti-
ally in this ase. A dierent wavelet matrix hoie would improve the performane
of the method. It is nevertheless foreseeable that the emerging renormalization
sheme would not be as easy to implement as the one presented. An exat solution
ould also be obtained, inluding all the utuation terms, however, the omputa-
tional power required would be equivalent to performing the ne-sale solution.
At present, the method an be used as a fast upsaling tehnique able to ope
with heterogeneities. The formalism introdued highlights how a very rude renor-
malization sheme is satisfatory in treating suiently homogeneous systems and
how upsaling methods an be onstruted to math the speiations of the prob-
lem and the required results. The resistor method is based on an analogy with
urrent laws and is therefore a statement of onservation of ux. It is possible
that by dening Dary's equation in terms of uxes rather than permeability and
pressure, one might be able to nd a matrix analogy to the resistor method that
will reprodue the resistor upsaling rule in the same way as the urrentW matrix
produes the renormalization sheme that was proposed. The present framework
an be applied to other problems, suh as advetive transport, leading to insights
into the general issue of how operators hange as a onsequene of oarsening.
It is hoped that further study will shed light on the eet of adding utuations
to the mean-eld approximation, allowing the hoie between dierent degrees of
auray depending on the available omputational time.
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7. Appendix
In the following we reprodue the struture of the matries disussed in the text. The struture of the transmissibility matrix for a
4× 4 system:
T =


2k1 + t1,2 + t1,5 −t1,2 0 0 −t1,5 0 ... 0
−t2,1 2k2 + t2,3 + t2,5 −t2,3 0 0 −t2,5 ... 0
... ... ... ... ... ... ... −t15,16
0 0 0 0 0 . −t16,15 2k16 + t16,15 + t16,12


The upper orner of the transformed matrix: T =WTWT
T =


k1 + k2 +
t23+t67
2
+ t59+t610
2
− t23+t67
2
− t59+t610
2
0
− t23+t67
2
k3 + k4 +
t23+t67
2
+ t711+t812
2
0 − t711+t812
2
− t59+t610
2
0 k13 + k14 +
t59+t610
2
+ t1011+t1415
2
− t1011+t1415
2
0 − t711+t812
2
− t1011+t1415
2
k15 + k16 +
t711+t812
2
+ t1011+t1415
2


The transmissibility matrix for a 2× 2 system, the dash indiates that the properties refer to the 2× 2 system :
T′ =


2k′1 + t
′
1,2 + t
′
1,3 −t
′
1,2 −t
′
1,3 0
−t′2,1 2t
′
2 + t
′
2,1 + t
′
2,4 0 −t
′
2,4
−t′1,3 0 2t
′
3 + t
′
3,1 + t
′
3,4 −t
′
3,4
0 −t′2,4 −t
′
3,4 2k
′
4 + t
′
2,4 + t
′
3,4


Relationship between permeability and transmissibility in the upsaled system (k′i, t
′
ij) and in the ne sale system (ki, tij):
k′1 =
k1 + k2
2
, t′12 =
t23 + t67
2
, t′13 =
t59 + t610
2
et.
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